Lesson Plan 3 - Unit Circle & Trig Functions Part 1

1) Take attendance

2) Homework
3) Quiz on 6.1, 8.1, 8.3 On Monday

4) Discuss Exact and Inexact answers



View of Trig functions from the point of view of a Right Triangle

h-hypotenuse

0-opposite
a-adjacent
0
a
0
. (9) =2
sin (6) p
a
0)="=
cos(6) ,
%)
tan(0)=—
an (6) ;
Memory Device: SOH-CAH-TOA (Sounds indian)

SOH (Sin = 0/H)
Sine = Opposite/Hypoteneuse

CAH (Cos=A/H)
Cosine = Adjacent/Hypoteneuse

TOA (Tan=0/A)
Tangent = Opposite/Adjacent

This is only useful when you have a right triangle. Note that 0< @ <% :



Review of Sines and Cosines

http://schoenbrun.com/foothill/math48c-2/mpeg/Ratios.mp4

What kind of problems can we solve with this?
Given any two of 0, h, a or o, we can find all missing angles and sides of the triangle.

Example: Given a right triangle with hypotenuse length 10 and missing sides
and 6 = 60° what are the missing angles and sides?

10/ _ sin(60°) = ./3/2
cos(60°) = 1/2




Example: Given a right triangle with hypotenuse length 10 and leg 4, what are the missing
angles and sides?




Finding the value of Sines and Cosines

Some ancient history
How we used to get the values of arbitrary trig functions from a table.

254 Tables for Use in Trigonomenry

NATURAL TRIGONOMETRIC FUNCTIONS
TO FIVE PLACES

28° (208°) (331°) 151° 29° (209°)

Sin Tan Cot Cos Sec Cse ! 4 Sin Tan Cot,

0 | 46047 | .53171 | 1.8807 | .88205 | 1.1326 | 2.1301 { 60 O | .48481 | .55431 | 1.8040
1| .46973 | .53208 | 1.8794 | .88281 | 1.1327 | 2.1289 | 59 1| .48506 | .55469 | 1.8028
2 | .46999 | .53246 | 1.8781 | .88267 | 1.1329 | 2,1277 | 58 2 | .48532 | .55507 | 1.8016
3 | .47024 | 53283 | 1.8768 | .88254 | 1.1331 ( 2.1266 | 57 3 | 48557 | .65545 | 1.8003
4 | 47050 | .53320 { 1.8755 | .88240 { 1.1333 | 2.1254 | 56 4 | 48583 | .55583 | 1.7991

5 | .47076 | .53358 | 1.8741 | .88226 | 1.1334 [ 2.1242 | 55 5 { .48608 | .55621 | 1.7979

6 1 .47101 | .53305 | 1.8728 |} 88213 | 1.1336 | 2.1231 | 54 6| .48634 | .55659 | 1.7966

7 | 47127 | .58432 | 1.8715 | .88199 | 1.1338 | 2.1219 ] 53 7| 48659 | .55697 | 1.7954

8 [ .47153 | .53470 | 1.8702 | .88185 | 1.1340 | 2.1208 | 52 8 I .48684 | .55736 | 1.7942

9 | 47178 | .53507 | 1.8680 | .88172 | 1.1342 | 2.1196 | &1 9 | 48710 | .55774 | 1.7930
10 | .47204 | .53545 | 1.8676 | .BB158 | 1.1343 | 2.1185 | 50 10 | .4B735 | .55812 | 1.7017
11 | .47229 | .53582 | 1.8663 | .88144 | 1.1345 | 2.1173 | 49 11 | .48761 | .55850 | 1.7905
12 | .47255 | .53620 | 1.8650 | .88130 | 1.1347 | 2.1162 | 48 12 | 48786 | .55888 | 1.7893
13 | .47281 | .53657 | 1.8637 | .88117 | 1.134% | 2.1150 | 47 13 | 48811 | .55926 | 1.7881
14 | .47306 | .536904 | 1.8624 | .88103 | 1.1350 | 2.1139 { 46 14 | 48837 | .55964 | 1.7868
13 | .47332 | .53732 | 1.8611 | .88080 | 1.1352 | 2.1127 | 45 15 | .48862 | .56003 | 1.7856
16 | .47358 | .53769 | 1.8508 | .88075 | 1.1354 | 2.1116 | 44 16 | .48888 | .56041 | 1.7844
17 1 .47383 | .53807 | 1.8685 | .88062 | 1.1356 | 2.1105 | 43 17 | 48913 | .56079 | 1.7832
18 | .47409 | .53844 | 1.8572 | .88048 | 1.1357 | 2.1003 | 42 18 | .48038 | .56117 | 1.7820
19 | .47434 | .53882 | 1.8559 | .88034 | 1.1359 | 2.1082 | 41 19 | 48964 | .56156 | 1.7808
20 ( .47460 | .53920 | 1.8546 | .88020 | 1.1361 | 2.1070 | 40" 20 | .48089 | .56194 | 1.7796
21 | 47486 | .53957 | 1.8533 | .88006 | 1.1363 | 2.1059 | 39 21 | .49014 | .56232 | 1.7783
22 | .47511 | .53995 | 1.8520 | .87983 | 1.1365 | 2.1048 | 38 22 | .49040 | .56270 | 1.7771
23 | 47537 | .54032 | 1.8507 | .87979 | 1.1366 | 2.1036 | 37 23 | .40065 | .56309 | 1.7759
24 | 47562 | 54070 | 1.8495 | .87965 | 1.1368 | 2.1025 | 36 24 | .49090 | .56347 | L.7747
25 | .47588 | .54107 | 1.8482 | .87951 | 1.1370 ;| 2.1014 | 35 25 | 49116 | .56385 ; 1.7736
26 | 47614 | .54145 | 1.8469 | .87937 | 1.1372 | 2.1002 | 34 26 | .49141 | .56424 | 1.7723
27 | 47630 | .54183 | 1.8456 | .87923 | 1.1374 | 2.0091 | 33 27 | .49166 | .56462 | 17711
28 | 47665 | .54220 | 1.8443 | .87909 | 1.1375 | 2.0980 j 32 28 | 49192 | .56501 | 1.7699
29 { .47690 | .54258 | 1.8430 | .87806 | 1.1377 | 2.0969 | 31 29 | 40217 | .56539 | 1.7687
30 | .47716 | .54206 | 1.8418 | 87882 | 1.1379 | 2.0957 | 30 30 | .49242 | .56577 | 1.7875
31 | .47741 | .54333 | 1.8405 | .B7868 | 1.1381 | 2.0946 | 29 31 | .49268 | .56616 | 1.7663
32 | .47767 | .54371 | 1.8392 | .87854 | 1.1383 | 2.0035 | 28 32 | .49293 | .566564 | 1.7651
33 | 47793 | .54400 | 1.8379 | .87840 | 1.1384 | 2.0024 | 27 33 | .49318 | .566083 | 1.7639
34 | .47818 | .54446 | 1.8367 | .87826 | 1.1386 | 2.0913 | 26 34 | .40344 | 56731 | 1.7627
35 | 47844 | .54484 | 1.8354 | 87812 | 1.1388 | 2.0801 | 25 35 | .49369 | .56769 | 1.7615
36 | 47869 | .54522 | 1.8341 | .87708 | 1.1390 | 2.0890 | 24 36 | .49304 | .56808 | 1.7603
37 | .47895 | .545660 | 1.8320 | .87784 | 1.1392 | 2.087¢ | 23 37 | 49419 | .56846 | 1.7561
38 | .47920 | .54597 | 1.8316 | .87770 | 1.1393 | 2.0868 | 22 38 | .49445 | 56885 | 17579
39 | 47946 | .54635 | 1.8303 | .87756 | 1.1395 | 2.0857 | 21 39 | .49470 | .56923 | 1.7567
40 | 47971 | .54673 | 1.8291 | .87743 | 1.1367 | 2.0846 | 20 40 | .49495 | 56962 | 1.7556
41 | .47997 | .54711 | 1.8278 | .87720 | 1.1399 | 2.0835 | 19 41 | .49521 | .57000 | 1.7544
42 | .48022 | .54748 | 1.8265 | .87715 | 1.1401 | 2.0824 | 18 42 | 49546 | 57039 | 1.7532
43 | .48048 | .54786 | 1.8253 | .B7701 ; 1.1402 | 2.0813 | 17 43 | .49571 | .57078 | 1.7520
44 | .48073 | .54824 | 1.8240 | 87687 [ 1.1404 | 2.0802 i 16 44 | .49506 | .57116 | 1.7508
45 | .48009 | .54862 | 1.8228 | .87673 | 1.1406 | 2.0791 | 15 45 | 49622 | .57155 | 1.7496
46 | .48124 | .54000 | 1.8215 | .87659 | 1.1408 | 2.077¢ | 14 46 | 49647 | .57193 | 1.7485
47 | .48150 | .54038 | 1.8202 | .87645 | 1.1410 | 2.0768 | 13 47 | 49672 | .57232 | 1.7473
48 | (48175 | .54975 | 1.8190 | .87631 | 1.1412 | 2.0757 | 12 48 | .49697 | (57271 | 1.7461

49 { .48201 | .55013 | 1.8177 | .B7617 | 1.1413 | 2.0747 | 11 49 | .49723 | .57309 | 1.744%

50 | 40748 | .57348 | 1.7437
51 | .49773 | .57386 | 1.7426
52 | .49798 | .57425 | 1.7414
53 | .49824 | .57464 | 1.7402
.49849 | .57503 | 1.7301

50 | .48226 | .55051 | 1.8165 | .87603 | 1.1415 | 2.0736
51 | .48252 | .55089 | 1.8152 | .87580 | 1.1417 | 2.0725
52 | .48277 | .55127 | 1.8140 | .87575 | 1.1419 | 2.0714
53 | .48303 | .56165 | 1.8127 | .87561 | 1.1421 | 2.0703
54 | .48328 | .55203 | 1.8115 | .87546 | 1.1423 | 2.0692

55 | 49874 | 57541 | 1.7379
56 | 49809 | .57580 | 1.7367
57 | .49924 | .57619 | 1.7385
58 | .49950 | 57657 | 1.7344
59 | .40075 | 57686 | 1.7332

55 | .48354 | .55241 | 1.8103 | .87532 | 1.1424 | 2.0681
56 | .48379 | .55270 | 1.8090 | .87518 | 1.1426 | 2.0670
57 | .48405 | .55317 | 1.8078 | .87504 | 1.1428 | 2,0659
58 | .48430 | .55355 | 1.8065 | .874950 | 1.1430 | 2.0648
59 | .48456 | .55393 | 1.80563 | .87476 | 1.1432 | 2.08637

=
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&
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60 | .48481 | .55431 | 1.8040 | .87462 | 1.1434 | 2.0627 0 60 | .50000 | .57735 lﬂ
! Cos Cot Tan Sin Cse Sec ’ 4 Cos Cot Tan
118° (268°) (241°) 61° 119° {299°)

Note the degrees listed on the top and bottom



Complementary Angles

C 90°-6 -

B 90°-0

Note that:
sin(6) zg cos(e)zg

cos(90° —6’) :% sin(90° —9) -

O =

So we have the following Identities

So we really only need to know the sines and cosines of the angles between 0° and 45°.



Using a Calculator to find Sines and Cosines

B4 OO LI

ALPHA X.T.9

MATRX PRGM VARS CLEAR

SiN-1 B oOg-




Unit Circle View of Trig functions

Here we redefine the sin and cosine functions as coordinates on the unit circle.

(cos(B), sin(9))

Take a look at this animation and notice that the sine and cosine function are doing the same
thing, only out of sync by 90°

http://schoenbrun.com/foothill/math48c-2/gsps/CircularMotion.gsp




This produces the same function values as the triangle, but is not limited to 0< 6 <%

(cos(0), sin(0))

Note that in the 2nd quadrant the sine is still positive but the cosine is negative.



In the third quadrant both are negative

(cos(0), sin(p))




N
v

(cos(6), sin(0))

And in the 4th quadrant only the sine is negative.



Even angles that are > 360 or < 0 are defined

(cos(0), sin(0))

(cos(0), sin(0))




Here we have a map of showing what sign's of the two functions in each quadrant.

Quadrants | (cos(0), sin(0))
(-,+) (+,%)

(_’_) (+")




There are some important angles that now have sines and cosines:

sin(0°) =0
cos(0)=1
sin(90°) =1
cos(90°)=0
sin(180°) =0
cos(180°) =1
sin(270°) =1

cos(270°) =0



Reference Angles

A Reference angle is an angle in the first quadrant.
Every angle will have a corresponding References Angle.

The trigonometric functions of an angle will have the same value as for the corresponding
reference angle or it's negative.

First we look at angles 0" <9 <360°

Note, that the reference angle for any angle in the first quadrant is itself.



For an angle in the 2nd quadrant, draw a line parallel to the X-axis through the point where

the angle intersects the unit circle and then find where this line intersects the unit circle in
the first quadrant.

IT

Note that for the 2nd quadrant 6, =180° -6
Also note that

sin (6, ) =sin(6)

but

cos (6, ) =—cos(0)



For an angle in the 3rd quadrant, extend the terminal ray in the opposite direction and find
where it intersects the unit circle.

11T

Note that for the 3rd quadrant 6, =6 -180°

Also note that

sin

—~

;) =—sin(0)
and

cos (6, ) =—cos(0)



Finally for an angle in the 4th quadrant draw a line parallel to the y axis from where the
angle intersects the unit circle.

Note that for the 4th quadrant 6, =360°

|
D)

Also note that
sin (6 ) =—sin(6)
but

cos (6, ) =cos(8)



For any angle 8 <0° or € >360°

There is some angle ¢,, u as in unit-circle for which
0=0 +n360
where 7 is an integer such that 0" <6, <360

win, Sin (6, ) =sin(6)

and

cos(8, ) =cos(6)



So for calculation purposes, we only need to know the values of the sine and cosine between
0° and 45°.

To do this first find 9, between 0° and 360°.
Then find the Reference angle checking whether the sign changes.
Finally, if an angle is > 45°, find the other function (sine or cosine) of it's complement.

Of course if we are using a calculator, there's no reason to go through this process!

Handout Part 1!



Special Angles with Exact Values

Using our knowledge of special triangles from geometry:
30/60/90 triangles:

Take an equilateral triangle with sides 1 whose angles must all be 60°.
Drop a perpendicular from it's highest point to the base.

This divides the triangle into two congruent triangles.

By symmetry the angles of each of these triangles must be

30/60/90 degrees.

The base is 1/2 and the hypotenuse is 1 so by the Pythagorean theorem we get the second leg

B3

to be —
2
/301 \\1
/3
2
60°
1/2 1/2
This tells us that
sin(60°) = ﬁ
2
1
60°")=—
COS( ) 7



Isosceles right triangles:

Given a right isosceles triangle with hypotenuse 1 we know immediately that the smaller

angles are 45° and by the Pythagorean theorem, the legs are L

NG
1 450 1
450 V2
1
/2
This tells us that
sin (45° ) =

S5l Sl-

cos(45°) =



The exact values of the sine and cosine can be determined exactly for angles that multiples

of 30° and 45°.

Functions: We can find an exact expression for any multiple of 30° or 45°

Angle | Sine | Cos | Angle | Sine | Cos | Angle | Sine | Cosine | Angle | Sine | Cos
0 90° 180° 360°
30° 120° 210° 300°
45° 135° 225° 315°
60’ 150° 240° 330°

Handout Part 2!




Solutions

(cos,sin)

Angle Angle | (cos,sin) Angle | (cos,sin) Angle | (cos,sin)
0 (+1,0) 90° (0,+1) 180° (-1,0) 360° (0,-1)
30° NE) 1} 120° 1 \/gJ 210° ( 3 1] 300° 1 \/gJ
+—,+—= -t - +—,——
27 2 27 2 27 2 27 2
45° +L+LJ 135° _L’LLJ 225° (_L_L 315° L1
V27 2 V27 2 2" \2 V27 2
60° 1 ﬁ} 150° 3 1} 240° ( 1 3} 330° 3 1}
+—,+— -t - =
27 2 27 2 27 2 27 2

Demonstrate using a calculator to get sines and cosines.

Handout Part 3

Homework:

Read Section 8.3
Problems for 1/22 on page 542 #15-18, 37, 45, 50, 51, 54




